A Biphasic, Anisotropic Model
of the Aortic Wall

Mark Johnson A biphasic, anisotropic elastic model of the aortic wall is developed and compared to
Northwestern University, literature values of experimental measurements of vessel wall radii, thickness, and hy-
Evanston, IL draulic conductivity as a function of intraluminal pressure. The model gives good predic-
tions using a constant wall modulus for pressures less than 60 mmHg, but requires a
John M. Tarbell strain-dependent modulus for pressures greater than this. In both bovine and rabbit aorta,
Pennsylvania State University, the tangential modulus is found to be approximately 20 times greater than the radial
University Park, PA 16802 modulus. These moduli lead to predictions that, when perfused in a cylindrical geometry,

the aortic volume and its specific hydraulic conductivity are relatively independent of
perfusion pressure, in agreement with experimental measurements. M, the parameter that
relates specific hydraulic conductivity to tissue dilation, is found to be a positive quantity
correcting a previous error in the literature[DOI: 10.1115/1.1339817
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Introduction The strains in this medium are related to the radial displace-
A number of studies have examined fluid and macromolecul?rems(u) of the cylinder as:

transport across the wall of the aofeg.,[1-8]). As the aortic du u

wall is an elastic structure that undergoes significant changes in S TEE 3)

dimension with changes in intraluminal pressure, a complete char-

acterization of transport across this wall must necessarily inclugg e jate these strains to the stresses, we assume the vessel wall to

a structural analysis. Earl3’| stuhdles of the Stl::CtUI’e quiled 'B€ a linear, transversely isotropic material with an anisotropic axis

sorta as an '.SOZOF;]'C' srl]ng e-phase bmar:e[@ owe[;:/ei, it %5 in the radial directior{11,15,13. As the material is modeled as
een recognized that the aorta is both anisotr¢p-12 and  y asic the strains are related to the effective stre&asther

biphasic[13,5,8. than the total stress. The i ’
. . generalized Hooke’s law for a trans-
Klanchar and Tarbell5] and Kim and Tarbel[7] modeled the v i ; ial : Lehknitski6] as:
aortic wall as a biphasic material and were able to find closew-arsey isotropic material are given by Lehknitskd] as:

form expressions to characterize both the elastic response and the 1 ' '

transport characteristics of the aortic wall. Whale e{ B mod- sr:§8,— gS[— ESZ (4a)

eled the aortic wall as an anisotropic, single-phase material and

also found closed-form expressions that characterized the elastic o' 1 v

response of such a vessel. g=— =S +=-S5-=S, (4b)
In this paper, we combine these two models to yield a biphasic, E E" E

anisotropic model of the aortic wall that still allows for a closed- ,

form solution. We show that the new model agrees well with o= V—Sr— KS[+ ESZ

experimental data at low perfusion pressuiésss than 100 z E’ E E

mmHg), and when we include nonlinearity of the elastic moduli,

the model shows good agreement with data taken over a wigbere E is Young's modulus in the plane of isotropf’ is

range of perfusion pressures. Young’s modulus in the direction perpendicular to the plane of

isotropy, v is Poisson’s ratio characterizing contraction or expan-

sion in the plane of isotropy in the presence of tension or com-

. . . . . pression in that same plane, andis Poisson’s ratio in the direc-

Biphasic, Anisotropic Model of the Aortic Wall tion perpendicular to the plane of isotropy. The plane of isotropy
We model the aortic wall as an axially confined, hollow cylinis the cylindrical surface defined by the axfal and tangentiaft)

der (inside radiusa, outside radius). A force balance, relating directions. Note that since effective stresses are used in the con-

the stresseéo) on a differential cylindrical element, yield42]:  stitutive relationships(thus implicitly assuming that the solid

(40)

d _ phase is intrinsically incompressiplea uniform hydrostatic
29 (Uf Ut) -0 (1) change in pressure on the medium will not generate strains.
dr r For a thick-walled vessel with axially constrained ends, the

wherer is the radial direction, and is the tangential direction. déformation is one of plane straie=0), which yields from Eq.
These stresses can be related to the effective stresses define %13
S=o0+P, whereP is the hydrostatic pressure. Thus, we find that

] Ev’
[5) S,= 5 StvS )
dS (S—S)| dP
rri e T (2)  Equations 4a) and 4b) then lead to:
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— + e ar
S:% (7) u(r)=A1rk1+A2rk2+—IB (15)
nrez s Pz 2Ma+ —“71>
where the constants are defined as: 22
1 E 1 X —y whereA; andA, are constants of integration and
= — _ ,2— e —_ T —
B E’(l v E’)' B2z E(l v9), B2 = (1+v) du 1-Madu [Bpy U @ s
(®) T a g, My 49
Introducing Eqs(6) and(7) into Eqgs.(2) and(3), we find that ¢ 5 _ 5 Eq.(16) reduces to the same form found by Klanchar
d?u 1du By u  BfBor— B2 dP and Tarbel[5] and if M =0, then the result found by Whale et al.
TPt g Ba?= B, dr (9) [14] is recovered.
22 22 For an unrestricted artery, we now apply the condition of zero
The pressure gradient is determined by Darcy’s law: effective radial stress at the boundaries,
P wQ (10) Si(r=a)=S(r=b)=0 7
dr 27rLK Using Egs.(6), the condition of zero effective radial stress is
where is the fluid viscosityQ is the flowrate passing across theShown to be equivalent to the following condition:
aortic wall, L is the length of the vessel ard is its specific Bost, = B1ser (18)

hydraulic conductivityf17,12. The specific hydraulic conductiv- . ) . )
ity is assumed to depend on the bulk dilatioh) of the medium. APRPlying this condition at the boundari¢s=a andr=b), Eq.
Lai and Mow [18] proposed an exponential formK (15 becomes:

=Ky expMW), which was linearized by Klanchar and Tarkél] u(r) (B1a— B2) {(,ykzl_l)(r/a)kll
as: IR
r { Y-yt BaXKi— B12
SR (1) (Yo l-1)(rfaye?
= 1mt=1)(r/a
K- K, _Y } 1] (19)
:822k2_312

whereM and K, are material properties. This approximation is
reasonable foM¥ < <2, a condition that we will see is met for wherey=b/a and
aorta when perfused in a cylindrical geometry, but not when a o
piece of aortic wall is perfused in a flat geometry, as addressed in aF=—m (20)
the appendix. M a+ :3_11_ 1)
We note here thaM is a positive constant since the specific

B2z
hydraulic conductivity of a medium decreases when it is com- . . . ) .
pressed. Klanchar and TarbéB] allowed M to be negative, anfn particular, evaluating Eq19) at the boundaries, we find that:

point we address further in the discussion section. b—by .| (B2~ B2 (Y2 i-1)ya?t
Since the bulk dilation can be related to the strain fieldbas b Yo I Ji 1| T gk B
=du/dr+u/r, substitution of Eq(11) into Eq. (10) yields: 2h P12
(Yamt=1)yket
dP xQ (1 Mdu Mu " _—+1] 21)
dr  2#@lKolr v dr r? (12) Bako— Bz
Substituting this result into Eq9) yields: and
d2u 1-Ma du Bll u @ a_aoza*{ (BlZ_BZZ) [(ykzl_l) (’yklil_l) +1
a2t a_(ﬁ_zz+Ma)r_2=_? (13) a Y= T Bk~ Bro  Bako— Bz
(22)
where wherea, andb, are the inner and outer radius of the vessel when
Q — B2 Q=0. .
a= ZMLK ,311322 Paz (14) To find the pressure dropA(P) across the aortic wall for a
m=Ro 22 given flowrate, we integrate E(L2) across the aortic wall to find
The general solution to this differential equation is: that:
|
+ Bort2 — k,—k kil 1)(4ke=1-1
AP= nQ [(l—ZMa*)In y—Ma* (B1at Baot 2B12)(Bao— B12) (Ka—ky) (¥ - }27 — )] 23)
27LKg (BaK1= B12)(BaKo— B12) (K1 = 1) (ko= 1) (y27 "=y 177)
I
Finally, it is useful to consider the thin wall limit of Eq&21)— and
(23). Letting s=b—a<<a, we find that in this limit: s
©Q| 7
o B 5 (24) 27LK,
AP= (26)
[1+ MQ(BlZ"'BZZ)M}
-6 APb - 27LK
s Ps (25) Equations(24) and (25) can be used in combination with experi-
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mental data to estimate tissue moduli. For low flowrates,(E6). 09
reduces_ to the familiar form used to estimate specific hydraul F Single phase model
conductivity. 085 [ ----- Bi-phasic model
Application of the Model to the Data of Whale et al. i Calf aorta (Whale et al.)
Whale et al[14] used a anisotropic, single-phase model to deé 0.8 a
scribe the deformation of the bovine aorta. We use their data k) r
generate parameter values for our new extended model and tfy 075
compare their model predictions to those of the new model. g r
The parameter values required &eE’, v, v, andM. For the o 07
elastic parameters, we use the same best-fit parameters as W -
et al. E=460 kPa,E=20 kPa,v=0.3) with the exception of’, 0.65 L
which we allow to vary in the range<0»’ <0.05 (see below ' r
To find M, we use data from Whale et al. on the effect of 0.6 [ ‘ , ‘ ‘ ‘

pressure on specific hydraulic conductivik) of the aorta wall in
a flat geometry with the endothelium removed. They found that i
a range from 0 to 100 mmHg, the mean valueKofdefined as
1wQhy/(AAP), decreased from approximately X80 *cn? to
oy . . .
%d?égt?on grrlr(]:iz'plrr;;xrgpc?r%rp])dzlaxs,sv(\)lgi:tigv\?vimilg\?vm{[};?gﬁ;ﬁ dageaaqrtic radius as a function of perfusion pressure for parameter
isotropic, biphasic material mounted in a flat geometry and co\r{%llues of E=460 kPa; E'=20kPa, »=03, M=6.0 and »'
strained at the downstream end. Using H@&-6), and the ~0.038 (biphasic ) or »'=0.0 (single-phase )
parameter values given above, we find that a valudadf ap-
proximately 6 gives model predictions that are in good agreement
with this experimental data. Lai and Mo\8] foundM=4.3 for ~ We can use these parametdis=460kPa, E'=20kPa, v
cartilage. =0.3,7'=0.038,M=6) and Eqgs(3), (6), (7), and(19) to exam-
Whale et al[14] chose their best-fit value of’ based on the ine differences in predictions for the stress and strain fields be-
observation that, in a cylindrical geometry, the measured specifiteen the single-phase moddl2] and the biphasic model. Fig-
hydraulic conductivity did not depend on perfusion pressure in thes 3 and 4 show the radial and tangential stress and strain fields
range 20—85 mmH¢ggain, with the endothelium removedhey comparing the single-phase to the biphasic model. While the
concluded that the volume of the aortic wall must be relativelgtress distributions are similar, the strain field is much more uni-
constant for this range of pressures. They picked the valug of form in the biphasic model than in the single-phase model, espe-
that kept aortic wall volume constant over this pressure range.cially the radial strain. This uniformity will be useful when we
We followed a similar procedure and foufisee Fig. 1 that a extenc! our model below to allow the moduli to be functions of the
value of v’ of approximately 0.038 gave a nearly constant valuerfusion pressures.
of the aortic wall volume over the entire pressure range investi-
gated(note thatMW < <2 for this best-fit value o', justifying Application of the Model to the Data of Baldwin et al.

our linearization in Eq(11)). There was significantly less volume . . . .
L i Baldwin et al.[6,19] conducted experiments on rabbit aortas in
variation than for the best-fit parameter found by Whale eftla} itu, measuring a variety of parameters as a function of perfusion

with their single-phase model. Figure 2 shows that the parameE%ssure including aortic diameter, wall thickness, and hydraulic

values chosen to fit the data of Whale et al. with our biphas %nductivity. The perfusion pressure ranged from 20 to 200
model also give excellent agreement with the data on vessel ra-

dius, as good as previously found using the single-phase model.

o
[N
o

40 60
Pressure (Pa)

80 100

Fig. 2 Biphasic and single-phase  [12] model predictions of
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Fig. 1 Biphasic and single-phase [12] model predictions of
aortic wall volume (normalized to unpressurized volume ) as a
function of perfusion pressure in a cylindrical geometry for pa-
rameter values of E=460kPa, E'=20kPa, »=0.3, M=6.0, and
0<»'<0.05
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Fig. 3 Comparison of biphasic  (solid line ) to single-phase

model (dashed line ) [12] for the tangential (o) and radial (o))
stress distribution in the aortic wall at a perfusion pressure of

70 mmHg for parameter values of E=460kPa, E'=20kPa, v
=0.3, »'=0.038 and M=6.0.
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(r—a)/(b—a) Fig. 6 Modulus in the plane of symmetry  (E) of the rabbit

aorta as a function of tangential strain as determined by the
Fig. 4 Comparison of biphasic  (solid line ) to single-phase biphasic model in combination with the data from Baldwin
model (dashed line ) [12] for the tangential (e€;) and radial strain et al. [6]
(e,) distribution in the aortic wall at a perfusion pressure of 70
mmHg for parameter values of E=460kPa, E'=20kPa, v
=0.3, »'=0.038 and M=6.0

Thus, while the constant modulus assumption worked reasonably
well for matching the data of Whale et &l.4], it is not expected
mmHg, much greater than the range investigated by Whale et tal.match the data of Baldwin et d6]. We can demonstrate this
[14]. Their experiments were done both with the endothelium inising the data from Baldwin et gl6] at low perfusion pressure
tact and endothelium removed. (Fig. 3 of that paper
While our model is strictly valid only for the case with the They found that, for the typical data presented, the outer radius
endothelium removed, we can still use our model to investiga@ the vessel increased from 2 to 2.2 mm as the perfusion pressure
the dependence of the vessel radius on perfusion pressure for weas increased from 10 to 25 mmHg. Using E24), we can then
sels with thin walls such as those investigated by Baldwin et astimate the parametgB,, as approximately 1810 ' Pa .
(6/a<0.05). The model gives good predictions for vessel radilsquations(24) and (25 can be combined to find a maximum
because in the thin wall limit, the stresses acting on the vesseistainable pressufthe maximum pressure for which these equa-
depend only on the total pressure drop and not its distribution tiens have a solution This criterion is found to be:
can be seen in Eq$24) and (25), which show that the vessel
inner and outer radius depend only A and not orM. Thus, we A - 0_17(@) 27)
will use radius data from Baldwin et al. taken with the endothe- max B, \ by
lium intact. However, our model predictions for vessel hydraulic

conductivity will only be valid for data taken with the endothe¥Vhich, for a vessel having a wall thickness of approximately 150

lium removed. um and radius of 2 mm, yields a maximum supportable pressure

We have thus far assumed the modulus of the aortic wall to 8&roughly 60 mmHg. Since perfusions were conducted up to 200

a constant. However, it is known that the modulus increases wiiiH9: the modulus of the wall must stiffen significantly with

ressure especially for pressures greater than 100 mfaplg 'ncreasing pressure.
P P y P g [28ig To model these data, we use the biphasic model as previously

described but allow the two moduli to be functions of the perfu-
sion pressure. This approximation is reasonable since the strain

0.4 level throughout the aortic wall is reasonable uniform for the bi-
0.35 phasic mode(see Fig. 4. We use the same values for the dimen-
’ sionless parameters used to model the data of Whale gt4l.
0.3 r=0.3,»'=0.038,M =6. The modulus in the plane of symmetry,
E, is determined by matching the detailed data on vessel radius as
—_ 0.25 a function of pressurésee Fig. 5. We allow the ratio oE'/E to
g 0.2 remain fixed, so theE" increases with pressure at the same rate as
~ ’ doesE. The unpressurized vessel radius is taken as 0.196em
© 0.15 Fig. 5, and the unpressurized wall thickness as b0 (estimate
based on data in Fig.)8
0.1 This still leaves unspecified the value of the modufiisat P
0.05 =0. To determine this, we take advantage of our finding that the
) volume of the aorta is nearly independent of inflation pressure.
0 : For a thin wall, this condition can be approximated kass~
0 50 100 150 200 — 8Ab. Then, using Egs(24) and(25), we find:
E’ v
Pressure (mm Hg) T~ 28)
Fig. 5 Data (symbols ) from rabbit aorta Baldwin et al.  [6] for
vessel radius as a function of perfusion pressure. The solid line Figure 5 shows the data from Baldwin et f8] used to deter-
is from the nonlinear biphasic model as described in the text mine E. Figure 6 shows the values & as a function of the
Journal of Biomechanical Engineering FEBRUARY 2001, Vol. 123 / 55
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Fig. 7 Modulus in the plane of symmetry  (E) of the rabbit
aorta as a function of perfusion pressure as determined by the
biphasic model in combination with the data from Baldwin

et al. [6]
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Fig. 8 Thickness of the rabbit aortic wall as predicted by the
nonlinear, biphasic model (solid line ) for the parameters given
in the text. Data shown are from Baldwin et al. [6]
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Fig. 9 Hydraulic conductivity of the rabbit aortic wall as pre-
dicted by the nonlinear, biphasic model (solid line ) for the pa-
rameters given in the text. Data shown are from Baldwin et al.
[19]
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tangential strain. The value of the moduli at zero presshre,
=540 kPa ance’ =29.3kPa, are very similar to the parameters
determined in the previous section for bovine aorta. Interestingly,
the modulus increases linearly with perfusion pressure for pres-
sures above 60 mmHg@-ig. 7), but is nearly constant at lower
pressure, in very good agreement with findings of McDoha@

in the dog aorta. This supports the use of a constant modulus for
the Whale et al[14] data as that study only considered pressures
less than 85 mmHg.

Figures 8 and 9 show that the model gives good predictions for
the other parameters measured by Baldwin ef@ll9]. Figure 8
shows the wall thickness. Not only does the model agree well with
the data reported, but it also agrees with the statement in the text
of Baldwin et al.[6] that “no further thinning of the aortic wall
was noted at 150 mmHg.” Figure 9 shows the model predictions
and data taken fdr ;= (Q/27Lb)/AP, the hydraulic conductivity
of the aortic wall(a value ofK, of 0.6x 10 **cn? was chosen
Again, the agreement is good.

Conclusions and Discussion

It is now generally recognized that the aortic wall is a nonlinear
[20], biphasid13,5,8 and anisotropi¢10—12 material. As such,
these characteristics must be included in any model describing the
elastic and transport properties of the aortic wall. We have been
able to show that a biphasic, anisotropic model of the aortic wall
captures much of its behavior that is seen experimentally.

The model developed in this manuscript yields the same form
as that of Klanchar and Tarbdlb] in the limit of an isotropic
tissue. However, when Klanchar and Tarbell applied their model
to consider the hydraulic conductivity of the aortic wall, measured
in a cylindrical vessel, they improperly concluded that the coeffi-
cient M, which characterizes how the specific hydraulic conduc-
tivity of a tissue depends on its bulk dilation, was negative. This
error, which has been propagated into several further works
[7,21], arose from their attempt to account for the decreased spe-
cific hydraulic conductivity of the aortic wall with increasing per-
fusion pressure that has been repoftz2,19.

It now appears that the decreased hydraulic conductivity of the
aortic wall observed in these studies was due to the presence of
the endotheliun8] and a theoretical explanation of this phenom-
enon in terms of a deformable intima has been offé&g]. Our
model shows that, for an isotropic aortic wall, an increased in-
traluminal pressure will always lead to a positive bulk dilation of
the vessel wall and thus the specific hydraulic conductivity of
such a vessel would be expected to increase with an increased
pressure. This is not necessarily the case for an anisotropic vessel
wall, and one of us has previously speculai##] that an impor-
tant function of an anisotropic aortic wall is to maintain constant
wall volume with increased intraluminal pressure, as seen in Fig.
1. A relatively constant wall volume would inhibit alterations in
the concentrations of extracellular macromolecules that might oth-
erwise change with differing physiological conditions. In fact, our
biphasic model shows this constant wall volume condition can be
better maintained with a biphasic tissue than with a single-phase
tissue.

It is interesting that the tangential and radial moduli predicted
for the bovine(460 kPa and 20 kPa, respectivend the rabbit
(540 kPa and 30 kPare similar to one another, at least below
100 mmHg. While we did not explicitly include the nonlinear
characteristics of the aorta in our model development, use of the
model showed that nonlinearity must be considered for perfusion
pressures greater than approximately 60 mmHg; McDonald indi-
cates that in the dog, the aortic wall remains linear until approxi-
mately 100 mmHg20]. Our quasi-empirical determination of the
modulus necessary to fit the data of Baldwin ef(gig. 6) did not
show the expected exponential stiffening with increasing strain
beginning at = 0. Instead, there was a rapid stiffening that began
at approximately 30 percent tangential strain. We would suggest
that this behavior is consistent with collagen and elastin in the
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aortic wall acting in parallel, with the relatively constant modulusvherehg is the undeformed thickness of the medium.

elastin acting at low strain and then the collagen beginning to Equation(A-3) can be solved foAP by using the solution to

dominate at the higher strain levels. Eq. (A-4) in combination with the relationship betwe&nand ¥V
A final point of interest in this study involves the coefficisit to find that:

that characterizes the relationship between the specific hydraulic

conductivity of a tissue and its volume dilation. Lai and Mg8]

reported a value foM =4.3 for cartilage, while in this study, we

found the value that best fit our data for compression of aortic Econfined

wall wasM = 6. Both of these values are much higher than would AP=— M | {

be expected for the deformation of a fiber matrix model. For small

deformations, such as are characterized by equdfidn fiber

matrix theory would predict a value &fl of approximately 1.17

[24]. This suggests that flow through connective tissues is much

) M(Q/A)hM} o)

KOEconfined

more dependent on deformation than fiber matrix theory predicReferences

and this may imply that preferential flow channels through the
tissue exist that are progressively closed as the tissue is deforme
Alternatively, there may be localized regions of high compression

that limit fluid flow.
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