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A Biphasic, Anisotropic Model
of the Aortic Wall
A biphasic, anisotropic elastic model of the aortic wall is developed and compare
literature values of experimental measurements of vessel wall radii, thickness, an
draulic conductivity as a function of intraluminal pressure. The model gives good pre
tions using a constant wall modulus for pressures less than 60 mmHg, but requi
strain-dependent modulus for pressures greater than this. In both bovine and rabbit a
the tangential modulus is found to be approximately 20 times greater than the r
modulus. These moduli lead to predictions that, when perfused in a cylindrical geom
the aortic volume and its specific hydraulic conductivity are relatively independen
perfusion pressure, in agreement with experimental measurements. M, the paramet
relates specific hydraulic conductivity to tissue dilation, is found to be a positive qua
correcting a previous error in the literature.@DOI: 10.1115/1.1339817#
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Introduction
A number of studies have examined fluid and macromolec

transport across the wall of the aorta~e.g., @1–8#!. As the aortic
wall is an elastic structure that undergoes significant change
dimension with changes in intraluminal pressure, a complete c
acterization of transport across this wall must necessarily incl
a structural analysis. Early studies of the structure modeled
aorta as an isotropic, single-phase material@9#. However, it has
been recognized that the aorta is both anisotropic@10–12# and
biphasic@13,5,8#.

Klanchar and Tarbell@5# and Kim and Tarbell@7# modeled the
aortic wall as a biphasic material and were able to find clos
form expressions to characterize both the elastic response an
transport characteristics of the aortic wall. Whale et al.@14# mod-
eled the aortic wall as an anisotropic, single-phase material
also found closed-form expressions that characterized the el
response of such a vessel.

In this paper, we combine these two models to yield a bipha
anisotropic model of the aortic wall that still allows for a close
form solution. We show that the new model agrees well w
experimental data at low perfusion pressures~less than 100
mmHg!, and when we include nonlinearity of the elastic modu
the model shows good agreement with data taken over a w
range of perfusion pressures.

Biphasic, Anisotropic Model of the Aortic Wall
We model the aortic wall as an axially confined, hollow cyli

der ~inside radiusa, outside radiusb!. A force balance, relating
the stresses~s! on a differential cylindrical element, yields@12#:

ds r

dr
1S s r2s t

r D50 (1)

where r is the radial direction, andt is the tangential direction
These stresses can be related to the effective stresses defin
S5s1P, whereP is the hydrostatic pressure. Thus, we find th
@5#:

dSr

dr
1S Sr2St

r D5
dP

dr
(2)
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The strains in this medium are related to the radial displa
ments~u! of the cylinder as:

« r5
du

dr
; « t5

u

r
(3)

To relate these strains to the stresses, we assume the vessel w
be a linear, transversely isotropic material with an anisotropic a
in the radial direction@11,15,12#. As the material is modeled a
biphasic, the strains are related to the effective stresses@5# rather
than the total stress. The generalized Hooke’s law for a tra
versely isotropic material are given by Lehknitskii@16# as:

« r5
1

E8
Sr2

n8

E8
St2

n8

E8
Sz (4a)

« t52
n8

E8
Sr1

1

E
St2

n

E
Sz (4b)

«z52
n8

E8
Sr2

n

E
St1

1

E
Sz (4c)

where E is Young’s modulus in the plane of isotropy,E8 is
Young’s modulus in the direction perpendicular to the plane
isotropy,n is Poisson’s ratio characterizing contraction or expa
sion in the plane of isotropy in the presence of tension or co
pression in that same plane, andn8 is Poisson’s ratio in the direc
tion perpendicular to the plane of isotropy. The plane of isotro
is the cylindrical surface defined by the axial~z! and tangential~t!
directions. Note that since effective stresses are used in the
stitutive relationships~thus implicitly assuming that the solid
phase is intrinsically incompressible!, a uniform hydrostatic
change in pressure on the medium will not generate strains.

For a thick-walled vessel with axially constrained ends, t
deformation is one of plane strain («z50), which yields from Eq.
4~c!:

Sz5
En8

E8
Sr1nSt (5)

Equations 4~a! and 4~b! then lead to:

Sr5
b22« r2b12« t

b11b222b12
2 (6)

and

-
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St5
2b12« r1b11« t

b11b222b12
2 (7)

where the constants are defined as:

b115
1

E8 S 12n82
E

E8D , b225
1

E
~12n2!, b125

2n8

E8
~11n!

(8)

Introducing Eqs.~6! and ~7! into Eqs.~2! and ~3!, we find that

d2u

dr2 1
1

r

du

dr
2

b11

b22

u

r 2 5
b11b222b12

2

b22

dP

dr
(9)

The pressure gradient is determined by Darcy’s law:

dP

dr
52

mQ

2prLK
(10)

wherem is the fluid viscosity,Q is the flowrate passing across th
aortic wall, L is the length of the vessel andK is its specific
hydraulic conductivity@17,12#. The specific hydraulic conductiv
ity is assumed to depend on the bulk dilation~C! of the medium.
Lai and Mow @18# proposed an exponential form,K
5K0 exp(MC), which was linearized by Klanchar and Tarbell@5#
as:

1

K
5

12MC

K0
(11)

where M and K0 are material properties. This approximation
reasonable forMC,,2, a condition that we will see is met fo
aorta when perfused in a cylindrical geometry, but not whe
piece of aortic wall is perfused in a flat geometry, as addresse
the appendix.

We note here thatM is a positive constant since the speci
hydraulic conductivity of a medium decreases when it is co
pressed. Klanchar and Tarbell@5# allowed M to be negative, a
point we address further in the discussion section.

Since the bulk dilation can be related to the strain field asC
5du/dr1u/r , substitution of Eq.~11! into Eq. ~10! yields:

dP

dr
52

mQ

2pLK0
S 1

r
2

M

r

du

dr
2

Mu

r 2 D (12)

Substituting this result into Eq.~9! yields:

d2u

dr2 1
12Ma

r

du

dr
2S b11

b22
1Ma D u

r 2 52
a

r
(13)

where

a[
mQ

2pLK0
Fb11b222b12

2

b22
G (14)

The general solution to this differential equation is:
Journal of Biomechanical Engineering
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u~r !5A1r k11A2r k21
ar

2Ma1S b11

b22
21D (15)

whereA1 andA2 are constants of integration and

d2u

dr2 1
12Ma

r

du

dr
2S b11

b22
1Ma D u

r 2 52
a

r
(16)

If b115b22, Eq.~16! reduces to the same form found by Klanch
and Tarbell@5# and if M50, then the result found by Whale et a
@14# is recovered.

For an unrestricted artery, we now apply the condition of ze
effective radial stress at the boundaries,

Sr~r 5a!5Sr~r 5b!50 (17)

Using Eqs.~6!, the condition of zero effective radial stress
shown to be equivalent to the following condition:

b22« r5b12« t (18)

Applying this condition at the boundaries~r 5a and r 5b!, Eq.
~15! becomes:

u~r !

r
5a* H ~b122b22!

gk2212gk121 F ~gk22121!~r /a!k121

b22k12b12

2
~gk12121!~r /a!k221

b22k22b12
G11J (19)

whereg[b/a and

a* [
a

2Ma1S b11

b22
21D (20)

In particular, evaluating Eq.~19! at the boundaries, we find that

b2b0

b
5a* H ~b122b22!

gk2212gk121 F ~gk22121!gk121

b22k12b12

2
~gk12121!gk221

b22k22b12
G11J (21)

and

a2a0

a
5a* H ~b122b22!

gk2212gk121 F ~gk22121!

b22k12b12
2

~gk12121!

b22k22b12
G11J

(22)
wherea0 andb0 are the inner and outer radius of the vessel wh
Q50.

To find the pressure drop (DP) across the aortic wall for a
given flowrate, we integrate Eq.~12! across the aortic wall to find
that:
DP5
mQ

2pLK0
H ~122Ma* !ln g2Ma*

~b111b2212b12!~b222b12!~k22k1!~gk12121!~gk22121!

~b22k12b12!~b22k22b12!~k121!~k221!~gk2212gk121! J (23)
i-
Finally, it is useful to consider the thin wall limit of Eqs.~21!–
~23!. Letting d5b2a,,a, we find that in this limit:

b2b0

b
5b22S DPb

d D , (24)

d2d0

d
5b12S DPb

d D (25)
and

DP5

mQS d

aD
2pLK0

F11
mQ~b121b22!M

2pLK G (26)

Equations~24! and ~25! can be used in combination with exper
FEBRUARY 2001, Vol. 123 Õ 53
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mental data to estimate tissue moduli. For low flowrates, Eq.~26!
reduces to the familiar form used to estimate specific hydra
conductivity.

Application of the Model to the Data of Whale et al.
Whale et al.@14# used a anisotropic, single-phase model to d

scribe the deformation of the bovine aorta. We use their dat
generate parameter values for our new extended model and
compare their model predictions to those of the new model.

The parameter values required areE, E8, n, n8, andM. For the
elastic parameters, we use the same best-fit parameters as W
et al. (E5460 kPa,E520 kPa,n50.3) with the exception ofn8,
which we allow to vary in the range 0,n8,0.05 ~see below!.

To find M, we use data from Whale et al. on the effect
pressure on specific hydraulic conductivity~K! of the aorta wall in
a flat geometry with the endothelium removed. They found tha
a range from 0 to 100 mmHg, the mean value ofK, defined as
mQh0 /(ADP), decreased from approximately 3.5310214 cm2 to
1.0310214 cm2. In the appendix, we derive the flow-induced d
formation and pressure drop associated with flow through an
isotropic, biphasic material mounted in a flat geometry and c
strained at the downstream end. Using Eq.~A-6!, and the
parameter values given above, we find that a value ofM of ap-
proximately 6 gives model predictions that are in good agreem
with this experimental data. Lai and Mow@18# found M54.3 for
cartilage.

Whale et al.@14# chose their best-fit value ofn8 based on the
observation that, in a cylindrical geometry, the measured spe
hydraulic conductivity did not depend on perfusion pressure in
range 20–85 mmHg~again, with the endothelium removed!. They
concluded that the volume of the aortic wall must be relativ
constant for this range of pressures. They picked the value on8
that kept aortic wall volume constant over this pressure range

We followed a similar procedure and found~see Fig. 1! that a
value ofn8 of approximately 0.038 gave a nearly constant va
of the aortic wall volume over the entire pressure range inve
gated~note thatMC,,2 for this best-fit value ofn8, justifying
our linearization in Eq.~11!!. There was significantly less volum
variation than for the best-fit parameter found by Whale et al.@14#
with their single-phase model. Figure 2 shows that the param
values chosen to fit the data of Whale et al. with our bipha
model also give excellent agreement with the data on vesse
dius, as good as previously found using the single-phase mo

Fig. 1 Biphasic and single-phase †12‡ model predictions of
aortic wall volume „normalized to unpressurized volume … as a
function of perfusion pressure in a cylindrical geometry for pa-
rameter values of EÄ460 kPa, E8Ä20 kPa, nÄ0.3, MÄ6.0, and
0Ën8Ë0.05
54 Õ Vol. 123, FEBRUARY 2001
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We can use these parameters~E5460 kPa, E8520 kPa, n
50.3,n850.038,M56! and Eqs.~3!, ~6!, ~7!, and~19! to exam-
ine differences in predictions for the stress and strain fields
tween the single-phase model@12# and the biphasic model. Fig
ures 3 and 4 show the radial and tangential stress and strain fi
comparing the single-phase to the biphasic model. While
stress distributions are similar, the strain field is much more u
form in the biphasic model than in the single-phase model, es
cially the radial strain. This uniformity will be useful when w
extend our model below to allow the moduli to be functions of t
perfusion pressures.

Application of the Model to the Data of Baldwin et al.
Baldwin et al.@6,19# conducted experiments on rabbit aortas

situ, measuring a variety of parameters as a function of perfus
pressure including aortic diameter, wall thickness, and hydra
conductivity. The perfusion pressure ranged from 20 to 2

Fig. 2 Biphasic and single-phase †12‡ model predictions of
aortic radius as a function of perfusion pressure for parameter
values of EÄ460 kPa, E8Ä20 kPa, nÄ0.3, MÄ6.0 and n8
Ä0.038 „biphasic … or n8Ä0.0 „single-phase …

Fig. 3 Comparison of biphasic „solid line … to single-phase
model „dashed line … †12‡ for the tangential „s t… and radial „s r…

stress distribution in the aortic wall at a perfusion pressure of
70 mmHg for parameter values of EÄ460 kPa, E8Ä20 kPa, n
Ä0.3, n8Ä0.038 and MÄ6.0.
Transactions of the ASME
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mmHg, much greater than the range investigated by Whale e
@14#. Their experiments were done both with the endothelium
tact and endothelium removed.

While our model is strictly valid only for the case with th
endothelium removed, we can still use our model to investig
the dependence of the vessel radius on perfusion pressure for
sels with thin walls such as those investigated by Baldwin et
(d/a,0.05). The model gives good predictions for vessel rad
because in the thin wall limit, the stresses acting on the ve
depend only on the total pressure drop and not its distribution
can be seen in Eqs.~24! and ~25!, which show that the vesse
inner and outer radius depend only onDP and not onM. Thus, we
will use radius data from Baldwin et al. taken with the endoth
lium intact. However, our model predictions for vessel hydrau
conductivity will only be valid for data taken with the endothe
lium removed.

We have thus far assumed the modulus of the aortic wall to
a constant. However, it is known that the modulus increases w
pressure especially for pressures greater than 100 mmHg@20#.

Fig. 4 Comparison of biphasic „solid line … to single-phase
model „dashed line … †12‡ for the tangential „e t… and radial strain
„e r… distribution in the aortic wall at a perfusion pressure of 70
mmHg for parameter values of EÄ460 kPa, E8Ä20 kPa, n
Ä0.3, n8Ä0.038 and MÄ6.0

Fig. 5 Data „symbols … from rabbit aorta Baldwin et al. †6‡ for
vessel radius as a function of perfusion pressure. The solid line
is from the nonlinear biphasic model as described in the text
Journal of Biomechanical Engineering
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Thus, while the constant modulus assumption worked reason
well for matching the data of Whale et al.@14#, it is not expected
to match the data of Baldwin et al.@6#. We can demonstrate thi
using the data from Baldwin et al.@6# at low perfusion pressure
~Fig. 3 of that paper!.

They found that, for the typical data presented, the outer rad
of the vessel increased from 2 to 2.2 mm as the perfusion pres
was increased from 10 to 25 mmHg. Using Eq.~24!, we can then
estimate the parameterb22 as approximately 1.531027 Pa21.
Equations~24! and ~25! can be combined to find a maximum
sustainable pressure~the maximum pressure for which these equ
tions have a solution!. This criterion is found to be:

DPmax'
0.17

b22
S d0

b0
D (27)

which, for a vessel having a wall thickness of approximately 1
mm and radius of 2 mm, yields a maximum supportable press
of roughly 60 mmHg. Since perfusions were conducted up to 2
mmHg, the modulus of the wall must stiffen significantly wit
increasing pressure.

To model these data, we use the biphasic model as previo
described but allow the two moduli to be functions of the per
sion pressure. This approximation is reasonable since the s
level throughout the aortic wall is reasonable uniform for the
phasic model~see Fig. 4!. We use the same values for the dime
sionless parameters used to model the data of Whale et al.@14#:
n50.3,n850.038,M56. The modulus in the plane of symmetr
E, is determined by matching the detailed data on vessel radiu
a function of pressure~see Fig. 5!. We allow the ratio ofE8/E to
remain fixed, so thatE8 increases with pressure at the same rate
doesE. The unpressurized vessel radius is taken as 0.195 cm~see
Fig. 5!, and the unpressurized wall thickness as 150mm ~estimate
based on data in Fig. 8!.

This still leaves unspecified the value of the modulusE8 at P
50. To determine this, we take advantage of our finding that
volume of the aorta is nearly independent of inflation pressu
For a thin wall, this condition can be approximated asbDd'
2dDb. Then, using Eqs.~24! and ~25!, we find:

E8

E
'

y8

12y
(28)

Figure 5 shows the data from Baldwin et al.@6# used to deter-
mine E. Figure 6 shows the values ofE as a function of the

Fig. 6 Modulus in the plane of symmetry „E… of the rabbit
aorta as a function of tangential strain as determined by the
biphasic model in combination with the data from Baldwin
et al. †6‡
FEBRUARY 2001, Vol. 123 Õ 55
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Fig. 7 Modulus in the plane of symmetry „E… of the rabbit
aorta as a function of perfusion pressure as determined by the
biphasic model in combination with the data from Baldwin
et al. †6‡

Fig. 8 Thickness of the rabbit aortic wall as predicted by the
nonlinear, biphasic model „solid line … for the parameters given
in the text. Data shown are from Baldwin et al. †6‡

Fig. 9 Hydraulic conductivity of the rabbit aortic wall as pre-
dicted by the nonlinear, biphasic model „solid line … for the pa-
rameters given in the text. Data shown are from Baldwin et al.
†19‡
56 Õ Vol. 123, FEBRUARY 2001
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tangential strain. The value of the moduli at zero pressureE
5540 kPa andE8529.3 kPa, are very similar to the paramete
determined in the previous section for bovine aorta. Interestin
the modulus increases linearly with perfusion pressure for p
sures above 60 mmHg~Fig. 7!, but is nearly constant at lowe
pressure, in very good agreement with findings of McDonald@20#
in the dog aorta. This supports the use of a constant modulus
the Whale et al.@14# data as that study only considered pressu
less than 85 mmHg.

Figures 8 and 9 show that the model gives good predictions
the other parameters measured by Baldwin et al.@6,19#. Figure 8
shows the wall thickness. Not only does the model agree well w
the data reported, but it also agrees with the statement in the
of Baldwin et al.@6# that ‘‘no further thinning@of the aortic wall#
was noted at 150 mmHg.’’ Figure 9 shows the model predictio
and data taken forLp5(Q/2pLb)/DP, the hydraulic conductivity
of the aortic wall~a value ofK0 of 0.6310214 cm2 was chosen!.
Again, the agreement is good.

Conclusions and Discussion
It is now generally recognized that the aortic wall is a nonline

@20#, biphasic@13,5,8# and anisotropic@10–12# material. As such,
these characteristics must be included in any model describing
elastic and transport properties of the aortic wall. We have b
able to show that a biphasic, anisotropic model of the aortic w
captures much of its behavior that is seen experimentally.

The model developed in this manuscript yields the same fo
as that of Klanchar and Tarbell@5# in the limit of an isotropic
tissue. However, when Klanchar and Tarbell applied their mo
to consider the hydraulic conductivity of the aortic wall, measur
in a cylindrical vessel, they improperly concluded that the coe
cient M, which characterizes how the specific hydraulic condu
tivity of a tissue depends on its bulk dilation, was negative. T
error, which has been propagated into several further wo
@7,21#, arose from their attempt to account for the decreased s
cific hydraulic conductivity of the aortic wall with increasing pe
fusion pressure that has been reported@22,19#.

It now appears that the decreased hydraulic conductivity of
aortic wall observed in these studies was due to the presenc
the endothelium@8# and a theoretical explanation of this phenom
enon in terms of a deformable intima has been offered@23#. Our
model shows that, for an isotropic aortic wall, an increased
traluminal pressure will always lead to a positive bulk dilation
the vessel wall and thus the specific hydraulic conductivity
such a vessel would be expected to increase with an incre
pressure. This is not necessarily the case for an anisotropic ve
wall, and one of us has previously speculated@12# that an impor-
tant function of an anisotropic aortic wall is to maintain consta
wall volume with increased intraluminal pressure, as seen in
1. A relatively constant wall volume would inhibit alterations
the concentrations of extracellular macromolecules that might
erwise change with differing physiological conditions. In fact, o
biphasic model shows this constant wall volume condition can
better maintained with a biphasic tissue than with a single-ph
tissue.

It is interesting that the tangential and radial moduli predic
for the bovine~460 kPa and 20 kPa, respectively! and the rabbit
~540 kPa and 30 kPa! are similar to one another, at least belo
100 mmHg. While we did not explicitly include the nonlinea
characteristics of the aorta in our model development, use of
model showed that nonlinearity must be considered for perfus
pressures greater than approximately 60 mmHg; McDonald in
cates that in the dog, the aortic wall remains linear until appro
mately 100 mmHg@20#. Our quasi-empirical determination of th
modulus necessary to fit the data of Baldwin et al.~Fig. 6! did not
show the expected exponential stiffening with increasing str
beginning at«50. Instead, there was a rapid stiffening that beg
at approximately 30 percent tangential strain. We would sugg
that this behavior is consistent with collagen and elastin in
Transactions of the ASME
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aortic wall acting in parallel, with the relatively constant modul
elastin acting at low strain and then the collagen beginning
dominate at the higher strain levels.

A final point of interest in this study involves the coefficientM
that characterizes the relationship between the specific hydra
conductivity of a tissue and its volume dilation. Lai and Mow@18#
reported a value forM54.3 for cartilage, while in this study, we
found the value that best fit our data for compression of ao
wall wasM56. Both of these values are much higher than wo
be expected for the deformation of a fiber matrix model. For sm
deformations, such as are characterized by equation~11!, fiber
matrix theory would predict a value ofM of approximately 1.17
@24#. This suggests that flow through connective tissues is m
more dependent on deformation than fiber matrix theory pred
and this may imply that preferential flow channels through
tissue exist that are progressively closed as the tissue is defor
Alternatively, there may be localized regions of high compress
that limit fluid flow.
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Appendix
We here consider the one-dimensional flow of fluid through

anisotropic, biphasic material that is mounted flat against a po
support and confined in the directions perpendicular to the fl
direction (0,x,h).

For this case of confined compression,«y5«z50, and Eq.~4!
becomes:

Sx5
E8~12n!«x

12n22n82
E

E8

5Econ f ined«x (A-1)

The differential force balance in this geometry yieldsdsx /dx
50, or dSx /dx5dP/dx. Introducing Eq.~A-1! into this relation-
ship along with the strain definition that«x5du/dx yields:

dP

dx
52Econ f ined

d2u

dx2 (A-2)

The pressure gradient in this case is found as:

dP

dx
5

mQ

kA
(A-3)

where A is the cross-sectional area facing the flow. We ag
assume thatK5K0 exp(MC), however, the small strain assum
tion used to derive Eq.~11! is not applied here since significan
volumetric compression is anticipated in this geometry. Us
Eqs.~A-2!, ~A-3!, and the relationship betweenK andC, we find
that:

mQ

K0A
e2M ~du/dx!52Econ f ined

d2u

dx2 (A-4)

This differential equation can be solved subject to the bound
conditions thatu(x50)50 andex(x5h)50 to find that:

u~h!5h2h052
h

M
2

K0Econ f ined

m~Q/A!M2 F S 12
m~Q/A!hM

K0Econ f ined
D

3 lnS 12
m~Q/A!hM

K0Econ f ined
D G (A-5)
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whereh0 is the undeformed thickness of the medium.
Equation~A-3! can be solved forDP by using the solution to

Eq. ~A-4! in combination with the relationship betweenK andC
to find that:
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